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Abstract

1 Introduction

2 Preliminaries

In this section, we introduce the model setup and algorithms for off-line POMDPs.

2.1 Infinite-horizon Discounted POMDP

An infinite-horizon discounted POMDP is a 7-tuple: M = (S, A, O,r,~v,0,T) where v € [0,1)
is the discount factor, S is the latent state space, A is the action space, O is the observation space,
r: S8 x A — [0, Rmax| is the bounded reward function, O : S — A(O) is the emission dynamic,
and T : § x A — A(S) is the transition dynamic. We use A(+) to represent a probability distribution
on a specific space, and O and T respectively indicates the probability of the observation given the
current state, and that of the next-state given current state-action pair. We use | - | to denote the
cardinality of a space. For simplicity yet without loosing the essence of the idea, we consider the
spaces S, A, O to be discrete and finite.

The system dynamic can be uniquely demonstrated by the following procedure:

It is important to note that in a general POMDP, the latent state space S is unknown to the learner,
and learners only get access to the trajectories sampled by a behavior policy, which is invariant under
the off-line setting.

2.2 Belief State Space and Smoothness Condition

Since one cannot observe the latent state directly, the overall best prediction of the current state is by
using the information from the entire history of observations and actions. We denote the history at
time step h to be

Th = (017a17027a27 e 70h717ah71) € H7 (1)

and consequently one can predict the current state given the history data. The belief state b(7,) =

Pr(sp|7s) is an element of A(S) C RISI when |S| < co. We use B to denote belief state space such
that

B ={b:3h € N3, b(r) =0b} 2)

Assumption 1. b : H — B is an injection (and thus a bijection).



The assumption is especially natural when considering very large latent state space and therefore very
high-dimensional belief state space. Consequently, | B| = oo unless we truncate an infinitely long tail
from the history that we consider and bares a reasonable truncation error. In a following example and
section we will discuss the case of |B| < oo, which gives us some worst-case properties.

With the assumption, we denote the policy of interest 7(7,) = m(b(73,)) : H — A(A), which is
used to sample an action when given a history.

It is easy to see that a good belief state policy should treat two similar belief state similarly, and thus
should have some smoothness condition with regard to the topology of the belief state space. We
typically denote the type of policy we are interested in using the following assumption.

Assumption 2. (Lipchitz of Policy) 3L, ||w(b1) — m(b2)|l1 < Lr||b1 — b2l

2.3 Off-line Data

A set of off-line data D is sampled using a behavior policy 7 in the following manner: Independently
sample n trajectories (o1, a; - --) from the POMDDP, then select randomly a tuple (T}[Z], 0[}21 , a%l)
from each trajectory respectively. Eventually,

(3

D= {(r}), o) ah))iyis. 3)

3 Overall Analysis In a Nutshell

[Youheng: to be continue...]

[Youheng: I’ll draw a graph to indicate the three steps I follow to derive a guarantee for the algorithm
on the original POMDP.]

4 Off-Policy Evaluation under Smooth Conditions

4.1 Abstraction under Covering

Definition 1. A e-cover C. is a subspace of the belief state space which satisfies:
UB(ee)oB @)
ceCe

where B(c, €) stands for an open ball centered at ¢ with radius . The cardinality of C. is called
e-covering number. For every e-cover C., there exist a partition of the belief state space, where each
¢ € C. acts as the representation element of the bin.

Lemma 1. For two belief states by and bs, Ya € A, we have:
|7(b1,a) — r(b2,a)| < Rmax||b1 — b2]|1- ©)

Proof. This is easily obtained from:
r(b1, @) —7(b2, a)| = [Esp, [7(5, a)] = Espy [r(s, a)]
= [{r(-;a), b1 — b)]
S Rmax”bl - bQHl-
And it shows that when treating POMDPs as belief space MDPs, there’s intrinsic smoothness within
the dynamic. O

For simplicity, we first adopt the standard bisimulation setting.

Assumption 3. (Bisimulation) For two arbitrary belief points by and by in the bin represented by an
element c in the e-cover C,, we have:

||(I>P(b1,a) — @P(bg,ﬂ,)”l S LbE.

This would put condition on the c-cover C. and the partition it induces.



Then, we have the result from standard abstraction literature:

Lemma 2. Under Assumption E} for the abstract policy 74, which indicates the true policy ©
descending to the binned belief space, we have
Rmaxs ’YLmeaxg

Vo _V[ﬂ'da]true o< .
||[ bm]t e true || = 1—~ + 2(1_7)2

(6)

However, Lemma[2]only controls the difference between the value function of the true system and that
of the binned system for the abstracted policy 7, which is different from the true policy 7. Before
we fill this gap, one may notice that the assumption for bisimulation can be too strong and hard to
understand in this context, and we’d like a weaker and more comprehensible result. To address this,
we first put forward the following commonly-adopted assumption:

Assumption 4. (Belief Space Contraction) Let b1, bs be two belief points in the belief state space B,
we use the following notation to represent the next-state belief:

b> =b(b~1(b) + 0 + a)
where + represents concatenation. We also use b™! instead of b°* when we do not emphasise a
specific (0, a) pair. The same notation works for b*2 b3 ...
The contraction assumption states that Yo, a,

0,a 0,a

[[67% = b5 [[1 < nllby — b2 |11

for some uniformn € (0, 1].
A weaker assumption for this is

Assumption 5. (Expected Belief Space Contraction) Replace the contraction assumption in As-
sumptiond by:

PN B Lz 5 N R
el T

which is a necessary condition for Assumption

Lemma 3. (Lemma 2 in [5]]) For any two belief points b1, ba satisfying ||by —ba||1 < €, |P(o|b1,a) —
P(olbz, a)| < [|by — baf1 < e
Consequently, we put forward the following proposition.
Proposition 1. For policy w satisfying Assumption |2} we have for Vo, a
[P(b7|b1) — P(b"[b2)] < (14 L) [[br = ballx. ™

Proof. We decompose our target function as

[P(b7[b1) — P (b3 |b2)]
= |P(o|by, a)m(a|by) — P(o|ba, a)m(a|bs)|
= |P(o|by,a)m(a|by) — P(o|by,a)m(albs) + P(o|b1,a)m(albs) — P(o|bs, a)w(a|bs)]|
< |P(o|by, a)(m(alb1) — m(albz))| + [(P(o]br, a) — P(o|bz, a))m(alb2)|
< |P(olby,a)| - |w(alby) — 7 (alb2)| + |P(o]b1, a) — P(o|bz, a)| - [m(albs)]
< (14 Lr)[br = b2flx (®)

where we used Lemma 3] for the last inequality. O

[Youheng: Here the bound is somehow loose (by a |O||.A| factor) in an expected manner.] A tighter
result for Proposition [[| which will be useful later is

Proposition 2. For any o € O,

D (PO7b1) — P(b3%b2))| < (1+ L) |1b1 — ba 1. )
acA




Proof. We follow the same idea in the proof of Proposition[Tjand decompose the LHS as

S (P by) P(b;%g)\

a€A

<| > P(olbr, a)(r(albr) — w(albz))’ +{ D (P(ofb1,a) = P(ofbs, a))m(albs)
a€A acA

< raneaj(|P(o\b1,a)| > (r(alby) — w(alby)) |+

acA

" w(albe)

ac A
< (1 + Lz)[|by — b2[1, (10

P(olb — P(o|b -
max | P(olbs, @) — Plobs,a)|

which proves the result. O

The one-step error is easy to control, however, without bisimulation, it is extremely difficult to
control the accumulative error induced by infinite amount of steps. We illustrate first by the following
proposition which shows that without the condition that b; and by are close to each other, the
approximation of the difference of expected reward at the k-th step.

Proposition 3.

Eao,mty [T(077,a1)] = Eq o,ccny [r(07F, ar)]| < 4Rmaxn” (11)

Proof.

Bty [T(0TF, ak)] = Eayo,cmy 107", ar)] |

= [(Plo,qgipp(101), 7B}, @)) — (P agipo([b2), (b, @) (12)
= [(Poaprip(1b1), (81, @)) — (Pro ey (-[b1), R)

+ (o p(162), B) = (Pro g o (1b2), (b1, )| (13)
<2|[R—r(bf*, a)|l (14)
< 4Rumaxn” (15)

O

The last inequality was the result of belief space contraction. In comparison, one can try to obtain an
upper bound for k-step transition error:

Proposition 4. |P (b *|b;) — P(b3%|b2)| < (1+ Ly)(1 4 0)*||b1 — ba|1

Proof. Using Proposition [T} we get
PO b1) = P63 b2)| < (1 + La)llbr = bal1. (16)
T17 b;2

Replacing b1, bo with b and using Assumption we have

[P(O21611) = P(b32[b37)] < (1+ La)nllor — ba 1. (17)



Therefore

[P0 |b1) — P(b37[b2)]

= |P(b}2%|by) Z P32 (b3 ") P19 b1) + > P(b32[b5 ") P(b7|br) — P(b3°|b2) (18)
o0,a

< [P(bF2by) ZP (62|65 ) P (b9 |by) ZP (b32165*) P (b9%|by) — P(b32|bo) (19)

-3 (P(bﬂb?“) —P<b2+2|b;’“>) (b2°1b) (b32[b5) (P(bmbl) —P(bS’“IbQ)N

< | POF21b) — PO32(65) | [P (B 01) 11 + ||P<b;2\b£]>|\1||P<b£' 1) — P05 bo) o (20)

< (14 Lo)nllby = bally - 141+ (14 Ly)||by — ba|lx (21)

< (14 La)(X 4+ n)|lbr — ba]1 (22)

where in (2I) we used the fact that ||P(b+2|b[' M = P(bol"“’o2 “2|pgt*') < 1. This is the
consequence of Assumption ] that every belief state has a unique history. [Youheng: The same as
Proposition[I] every step there can be a |O||.A| factor loose.]

After that, we recursively repeat the procedure above, and using mathematical induction, we get the
result. H

With Proposition[d] we can try to control the error propagated from the initial belief space difference:

|Ea,o,-~~b1 [T(bfk, ak)] — Ea)o,...sz [T(bfk, a;g)] |
= (PO b1) — P65 |b2)), (B}, a)))| (23)
< [P (1) — P(b3%[b2) |11 - Rinax- (24)

Since we only get an L., norm in PropositionEL extending it to L; would need an extra (|O||A|)*
expenses [Youheng: which is potentially tightable, but would need extra analysis. Even if this value
is reasonable, we would still need the discounted factor  to be small enough as stated later.], making
the error propagation explode drastically, not to mention that our horizon would go to infinity. Unless
v < 1/(1+n)
we do need an assumption such as bisimulation to prevent the error from exploding. Meanwhile,
bisimulation does more than that.

To conclude, bisimulation is the guarantee that the error throughout the horizon can be controlled, but
it not only guarantees that. With this understanding, we would directly make it an assumption as a
weaker alternative to bisimulation for further analysis.

Assumption 6. (Error Propagation Control)
3Ly, Yk, [Eao,mtr [P(07F, ak)] = Eayoremty [P(07F, ak)]| < Lir Roax|b1 — bal|1.
[Youheng: or replace by by ¢(b1)]

The assumption above is almost identical to the following assumption about value functions. But
there are differences as shown in the proof of the next theorem.
Assumption 7. (Lipchitz of Value Function)
3Ly, [V (b1) = V7 (b2)| < Ly [[by — b1
[V (by) — V7 (b2)| < Ly by — b2y

[Youheng: There are close relationships between this and the former assumption, which is also
covered in the proof of the next theorem. Can elaborate it separately later. |

With enough preparation, we now try to control the difference of value function for any abstract
policy 74 by proposing the following theorem.



Theorem 1. Under Assumption [6|land Assumption[d} we have

L max max
o < Lt Bme | R (25)

~ [T ]true
H [Vbiﬁ]truc - V;:ruqé ' 1 _ v 1_ n

Replacing Assumption[d|by Assumption ] we have

Ly Rpax 1 1
S S R B ( + ) 26)

¥ [7g]true
”[Vbﬂi-ﬁ]truc - Vvtr’:lqgt 1— y 1— M

Proof. We first control Eq o ..oty [ 3 e Yo7 (07, an)] — Eayopeonty [ Sopeo ¥or(03 %, ar)]. After
we do this, we can reduce the problem to the one we need using

Z l:pq&(b) (bl)Ea,o,mNbl [Z ’Yk'r(bi'—ka ak)]:| - IEa,o,---fvb’ [Z ’Ykr(b/-i_kv ak)] ‘
k=0

by €bin(p(b)) k=0

‘ 0,0, Z'y (0™, ar)] = Eao...or [nykr(b""k, ar)] ‘ (27

which is already controlled.

To do this, we split the formula into two parts:

(107 :~by Z’Y b+k Ea,o,~-~~b2 Zry Tb+k

IN

Eoo by [Z Vkr(bfk, ak)} —Eq,0,- by [Z Wkr(bfk, ak)] +

Ba,0,nba [ OV 107, ar)] — Easo,bs Z’y r(b3*, ax)]|. (28)

We first look at the first term.

Ea o, mby [Z vkr(bfk, ak)] — Koo, nbs [Z ’ykr(bfk, ak)]
k=0 k=0

Z <]Ea,o,---~b1 [’Vkr(bfkv ak)] - Ea,o,~--~b2 [Wkr(bfk7 ak:)]) ‘ (29)

k=0

which corresponds to the propagated error within each layer and summing them up. As discussed
above, with Assumption|[] this term is dominated by Ly Riax||b1 — b2|1/(1 — 7).

Next, we look at the second term which is not covered by Assumption [6]

o0
Ea,o7...~b2 [Z ’ykr(bi?k7 ak):l a 0,--~obo Z ,y ,,, b+k
k=0

=[5 (B [0 00) 05, am) |
k=0
§ Rmabel - b2||1 (30)

L—m

where we used Lemma [T]and Assumption[d] If we apply a weaker assumption, Assumption 5} we
have using Markov’s inequality,

P(lbf'“—bz*’“ll>1) < VE-uf, Ve >0 (3D
lor—=belh = VE) = ’ '



Consequently,

|Ea,o,~--~b2 [’ykr(brkva ) b+k ]
b+k 7b+k|| 1
< kan~-~~ Tb+k’a ’ ]I< >)‘+
et ,0, bz[(l ) — 2 Ak b1 —balli — Ve
+k 1tk
k +k +k Hb — by ll1 1 )‘
Ea.0,cnby |7(0] ", ar) — (b ]I < —=
Y @,0,++~b [ ( 1 ) < |b1 _b2||1 \@
1161 = baflr

S’Y max \[ n +rykRmax' \/g

Setting & = ||by — ba||1, we get

Eao,mbs [V (07, a) — 7r(03%, ar)]| < v* Riax (1 +0")V/|[b1 — b2]1.

Finally, summing up all the layers of horizon, we get the second term controlled as

+k +k o
Eo.0,-~by Zvrb Eq o, ~bs Zvrb

1
SRmaX ||b1_b2||1' <M+1777>

(32)

(33)

(34)

which is also controllable, yet by a worse rate (square root). Combining the two terms, we prove the

result using the fact that ||b; — b2||; < € inside each bin.

Next we control the gap between Vi andV " .

Theorem 2.

T Rmaxg RmaxLVE
Vo = Voinlloo <
bin ™ Thinlleo = T )

Proof. Our idea is to use chaining. Notice that

Vil = Epycbin(o(o)) Vs ™ (b1)

and

Vil = E smvinon [Fo(d(b1), a1) +re(d(b2), az) +¥°re(o(bs), az) + - -

bQNb‘n(¢(b1))

Consider V¥ ag

VI =E vy [re(6(b1), a1) +176(6(b2), az) + vre((bs), as) + - -

by~bin(é(by1))
by, ~bin((bj_1))
b1tk

d

]

O

(35)

(36)

(37

(38)



Then for Vb,
(VIR (b)) — VI (b)] (39)

=B mvineon VRS ()] -

by~bin(é(by1))

bje~bin(e(bg_1))
b1tk
bt2~lpp1

k k4+17/17¢ltrue
E oovinioon [ 76(0(0ks1), @) + AV (bryo)) (40)
ba~bin(¢(b1))
by ~bin(¢(by_1))
byt 1~bin($(by))
bppo~bpypr

kv (mole
=B oromoe) [V Ve (brt1)]—
by ~bin((b1))
b ~bin(b(by_1))
brp1~by
b2 ~bgq1

E ooy [Vre(d(brs1),a) — v r (b1, a) + kVt[r?é]"ue(bch)] 41

by ~bin(¢(b1))
bkwbu\(¢(bk 1))
b1 ~bin(p(bg))
bgppo~bppr
k

< 0 Rmax5 + 17 RmaxLVS (42)

where the last inequality used the Lipchitz of value function since the next belief is sampled from the
same bin and thus close enough.

Finally, we do the chaining, and sums up all the V**+1 — V¥ to get for Vo (b),

Vo (6(b)) = Vi (6(0))] 43)
= > (Vi) - V“”(b))‘ (44)
k=1
0 k
S kRmaxs + RmaxLV€ (45)
k=1 1—v
Rmax5 RmaxLV€
< 46
T 1=y (1-9)2 (46)
0

Before ending this part, we’ll need to fill the gap between the target policy and the abstracted policy
to which the target policy descended. This is handled by the following theorem.

Theorem 3. The following two inequalities hold simultaneously.

Tt RmaxL‘n' Rmax
[Virwe = Vil o < 28575 4 9] O] | A2 (1 + Ly e, (47)
1- (1—=9)?
s T |true Rm xL7r€ ’YRm'}x (1 + LW)LVGIQ
[Vifue = Vi loe < =257 +101 72255 Gl Lae+ O @)
Proof. Using the fact that Vt[r’f;]““e = T[”]““EV[M]““Q,
1Wfue = Vi lloo = Koo = TIrelme Vi 4 Threlmevig — plrebeeyimalene) o
< || true T[ﬂ-d) trueV:crueHOO + P)/||‘/t7rrue - Vvtrt(bc]t“w 0o (49)
Consequently,
|| true — V;;;Z]true ||00 =71_ H true — Trd)]tme Vvt?ueHOO' (50)



For any b, we have

|( true — T[ﬂ-d) e VTrrue)(b)|
— TV ) 6)

| true

‘ arm(b) |:T’ + ryxftTrrue(bJrl):| - E“N’Wp("’(b)) |:’I’ + 7‘4?119(b+1):| ‘ (51)
btl~P(-|b) b+l P(-|b)

We first look at r,

Eann®) 7] = Eanrmy (60) [T]] = [Eanr () [r] = Eanr (o) [7]]
< RmaxLre (52)

Then we look at V™

true>

E arvm(b) |: ‘/vtgue(b+1):| _Ea""¢<¢<b)) |:’y‘/true(b+1):|‘

bHL~P(|b) b1 P(-b)
ZZ[ (1) — P(9 (b)@“w(b)))-wr(bo’%ﬂ
ocDacA
S Z[ (o) - (<b>°~“|¢<b>>)-V”<b0’“>H
0€® ' ac A
<2|0|\A|7Rma"(1+L Ye A <|O7Rm;"(1+Lﬁ)s+y|O|A|(1+LW)LV52) (53)

where we used Proposition[T]or Proposition 2] combined with Assumption[7} [Youheng: We can’t
directly apply Assumption |6|here.]

4.2 Algorithm on Belief Space MDP

Consider a Bellman error minimization algorithm using double sampling, whose optimization target
can be written as

Q™ = argmin E(f,m) (54)
feF
where
E(f,m) =Ep[(f(b,a) — (r +7f(¥a, ™)) (f(b,a) — (r +vf (b, m)))]- (55)
On the abstracted space, using the same data, the algorithm becomes
Q7 = argmin &y (f,7) (56)
fer
where

E(f,m) =Ep[(f((b),a) = (rg +1f (d(Va), 7)) (f(6(D), @) = (rs + 1 f(¢(b), 7). (57)

Despite the algorithm was computed in the true system, we consider a virtually executed algorithm,
and adopts the following standard covering assumption.

Assumption 8. (Binned Policy Coverage) ||d™* /dP||.. < Cr(¢) < 0o
Note that the coverage value is dependent of the abstraction mapping ¢. The the best behaving data

collection distribution d” has a worst case coverage would scale as |C. |, which indicates the covering
number for €.

Lemma 4. In the binned system, we have the following telescoping error

g5 () = T(ms)] \/]E — TmeQr)?] (58)

[Youheng: The proof is standard textbook so I omitted it here.] Using Hoeffding’s inequality, we get



Lemma 5. With probability at least 1 — 0, forVf € F,

R? 2|.F|
_ ]:E < max . l
|g¢(fa 7T) dP [5¢(f7 7T)]| = \/2”(1 _7)2 og 5 (59)
And we have the standard Bellman completeness assumption
Assumption 9. (Bellman Completeness)Vf € F, T f € F.
Consequently, we have
A 2R3, 2|7
|Eqp [E4(QF, m)]| < \/n(1 _:)2 log = (60)
Theorem 4. Under Assumption |9}
1
Cx(¢) ( 2R: 2|7\ *
A _ < . max . 1 1
g (o) = T(mo)l < T (e log = (61)

[Youheng: The proof is standard textbook so I omitted it here. Note that there times an extra factor 2.
This may not be the best rate, but I'll leave it here for simplicity.]

[Youheng: Potentially, the analysis can be extended to other algorithms such as double-robust or
MIS, and the analysis will also be quite standard, so I’ll keep it this way.]

4.3 Gap Between True Algorithm and Virtual Algorithm

Noticed that we previously assumed the Lipchitz continuity of value function, whose equivalence to
the Lipchitz continuity of ()-function at action a can be easily proven. We now assume the function
class F we use to approximate ()-function is also Lipchitz with regard to belief state.

Assumption 10. (Lipchitz of Function Class) 3L, (b1,a) — f(bz,a)] <
Lqllby — b2

With the assumption on the function class, we can therefore control the differences between £, (f, )
and E(f, 7) for the very same fixed f € F, which is stated in the lemma. [Youheng: Before that,
there’s some problem with common abstraction literature that I’d like to point out. There’s a little
difference in setting between my Theorem [I]and standard abstraction. I'll draw a graph to indicate
the subtle relation and difference.]

Lemma 6.

4Rmax Rm'}x
7. - il < T (g + 12 )e (62)

Proof.
E(f,m) — E(f,7)]
\ED[( fb,a) = (r+ 7 f ¥y, ™)) (f(b,a) — (r + 71 f (U, m)))]—
Ep[(f(¢(b),a) — (re +vf(#(ba), 7)) (f($(b), a) — (re + vf(¢(bp), ms)))]|
< [Ep[{(f(b,a) — f(6(b),a)) — (r(b,a) — r¢(¢(b), a)) — Y(f(Va,m) — f(&(Va), )}
(f(bya) = (r + 7 f (b, ™)+
[Ep[{(f(b,a) — f(o(b), ))—((b7a)—r¢(¢(b)7a))—7(f( B, 7) — f(o(bp), ms)}
(f(b,a) = (r+f (b, ). (63)

Using the fact that

(b, 7) = f((b), 7o)

= |Er(ajp) [f (0, 0)] = Ex(ajowy) [f(6(b), a)]|
< Erapp) [f (0 @)] = Erajpv)) [f (0, ]| + [Er(ajg o)) [ (0, @)] = Er(ajpwy) [f(#(D), a)]|
< fmaj;a + Lge (64)

10



we have

E(fm) = Es(f,m)]
2Rmax

Rmax
<2 . —max
<25 <<1+7)LQ+1_7)5 (65)
O
Then, we look at how Q” and Qg differs on the very same empirical bellman error E4(-, 7).
Theorem 5.
R A 8Rmax Rimax
Q7 m) ~ (@5 I < S (L )Eg + 12 ) (66)
- I—v
Proof.
5¢(Qﬂ? 7T) - g¢(Qg7 7T) + g(@g7 7T) - g(QAﬂa 7T)
= €¢(Qﬂ7 7T) - 5(Q7T7 ﬂ-) + E(Qg? 7T) - 5¢(an 7T)
<1E5(Q7,m) = E@Q,m)| +1E(QF, ™) — E4(QF, )]
8Rmax Rmax
< .
ST, ((1+7)LQ+1_7>5 (67)
where we employ Lemmal 6] for the last inequality.
Using the fact that
£4(Q".m) — £4(Q5.m) 20 (68)
£(QF,m) — £(Q",m) 2 0, (69)
we have
~ N 8Rmax Rmax
(@7 m) — (@5l < 5 (14 a)Lg + 1222 ) a0)
- 1—7v
O
To put things together, we have
Theorem 6.
N 2R2 2|—F| SRmax Rmax
us < max . .
[Eo E0(Q™ )] < \/m o tog 274 S (g4 7))

And consequently,

Theorem 7.
Cx () 2RY 2|F| | 8Rmax Rmax

. _ < YT\ . .

[ (o) = J(mo)| < 7 L g S+ T (L)L + 2 )e
(72)

Theorem 8.

(LH + Lﬂ' + 1)Rmax5 Rmax8 RmaxLVE ’yRmax

J(my) — J(m)] < + 2|0||A 14+ L;)e

(o) = J () - L T A0 ()3)
7
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Proof.

|J () = J (7)) (74)
= Epeay [Viin (6(0)) — Viliue (0)]
< ||[ bm]true trueHOO

< [ [Viitlirue = it liruelloo + 1 Virglirue = Vi ™**lloo + [Vaig™ = Viuelloo

(LH + L‘/r + 1)Rmax5 Rmaxg RmaxLVE ’7 max
< + +2|0||A| ———— 1+ Ly)e (75)
It -y (1-9)? l |(1—7)2( )
O
Theorem 9.
Rina
[ () = Jgn (M) < 7 75 + Lqe (76)
Proof.
[ o= (m) = Jo= (79
= |Epdy [Q7 (b, )] — Epreay [QT (6(D), )]
= [Epnao [Q7 (b, ) — Q7 (A(D), m0)]|
Rmax
< max
< 1_75+LQ5 (77)
O
Eventually
Theorem 10.
Cﬂ— (E) 2R 2|-/—"‘ 8Rmax Rm'}x
N _ < . max . 1 L —max
e (7) = T ()| < \/n(l_w o8 “5 T (L4 Lg + T )
(LH + Lﬂ' + 2)-Rmax6 Rmax5 -RmaxLV6
1—v L=y (1=9)?
’YRmax
+2\O||A\( )2 5(1+ Lr)e + Loe (78)

And we finish the total analysis. Notice that we will need to assume /C(¢) - € would tend to zero
when € — 0. In finite horizon setting (Section EI), this is automatically satisfied, but in infinite setting,
we will need to assume that covering number has a increasing rate slower than 1/ when ¢ < 1.
Generally, covering number of belief space characterizes the hardness of OPE, and in infinite horizon
cases, the analysis would depend on the rate of the covering number and even may not be able to
control. But of course, this is assuming the most exploring data sampling distribution , and could
be different when the exploring policy is good enough (i.e. can fit the target occupancy better.)
[Youheng: Can change Lipchitz assumption of policy and value function...but the affect would be
limited.]

For a sample complexity guarantee, one can first decide with probability 1 — §, the entire error should
be below ¢, then one can set an appropriate € so that the error € can be balanced onto the terms with ¢,
and the terms with 1/n. Take a simple example, suppose

2Rr2nax 2|]:| _ 8Rmax Rmax
\/n(l— e -lo 5 =3 -((1+’y)LQ+ 7)5. (79)

I—vy
Then one may solve the equation

. 24/Cr(g)  [8Rmax

Rmax (
-1 (1 L
T T (( +7) Qti_ 7)54—

Rmaxs Rmavaa
L—yn  (1-7)?

Ly + Ly + 2)Riaxe
1—7

'YRmax
(1—7)?

+ 2|0J|A| =55 (1 4 La)e + Lge (80)
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for the optimal £(€). After that, putting (e) into and one can solve the sample complexity n.

4.4 On the Rate of Covering Number

Consider the true belief state only spreading on a low dimensional manifold, we assume the covering
number of the belief state space scales as

1

Cc=C——. (81)
asr + g
Then the best exploring policy has a worst case scaling as
1
Crle)=C+- ———. (82)
©) agr + ed

Then according to (80), we get [Youheng: to be continue...]

5 Quick-Forgetting Function Class

In this section, consider a modified version of Assumption 4} which indicate that there exists an 7/,
such that

7' [1br = baf[1 < 67 = b5 %(l1 < nllbr — b1
A possible example of a possible Lipchitz function class is the Quick-Forgetting function class .F(Em],
so that for Vf € fém],

Rmax
f:H—=]0, ] (83)
=~
f N d V(Th—m:h) (84)
and
VT,EI],T}[?], |f(T}[L1]) — f(T}[L2])| < Lp- ng s.t. T}[Lllm:h = T’[l{]m:h (85)

for some 1, < 7'.

In the sense that two distinct belief states will be close to each other after the same amount of history
Th—m:m length m, by a factor of ", it is natural that the corresponding value function will be close
enough under our assumption. Thus, by mapping two histories with the same m-step tail to the same
value will be a good approximation.

[m]

With that said, we would also like to check out the Lipchitz guarantee that 7, provides. We first
have the following lemma, which indicates the smoothness of ]-'(Em] on the true belief states.

Lemma 7. Vf € F)™, we have

e () — f(h2)]
1flhip =, max |b(h1) — b(ha)][1

hy#hg

<F, <o (86)

for some uniform F,,.
Proof. [Youheng: Omitted here.] O

We also have the following extension lemma

Lemma 8. Let T C X be two metric spaces with 2 < |T| = k < oo. Let Y be a Banach space,
f: T — Y be a function. Then there exists a function g : X — 'Y such that g|7 = f and

llglhip < K - (logk) - || flhip (87)

where K is an absolute constant.

According the the lemmas above, if f(7,) = fr— r(b(7)), fr— r can be extended to the entire RIS
while being F;,, - K - m - log(]O||.A|)-Lipchitz.
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6 Future Dependent Value Function and Belief Space POMDP

[Youheng: There’s something wrong here, the behaviour policy in the belief space is not memoryless.
And we don’t need Belief space POMDP actually, directly changing sy, to ¢(b(7,)) will be fine, that
way we won’t need memoryless condition.]

7 Finite-Horizon Guarantees

7.1 Lipchitz Function Class Guarantee

For the finite horizon POMDP, any value function class is guaranteed to be Lipchitz under Assumption
with regard to some worst Lipchitz value.

This is because

e |f(h1) — f(h2)]
nihaen [b(hy) — b(he)|1

hy#2hy

[ f1hip = (88)

is a finite number given that 5 is a finite state. Then one can follow similar steps from Section [5]and
use Lemma§]to get an upper bound for the Lipchitz parameter.

7.2 Covering Number Guarantees

For finite /3, the covering number is upper bounded by |B|. However this could be exponential.

8 Belief Space Binning for FDVF

[Youheng: to be continue...]
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